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ABSTRACT
We present the first post core collapse models of initially rotating star clusters,
using the numerical solution of an orbit-averaged 2D Fokker-Planck equation. Based on
the code developed by Einsel & Spurzem (1999), we have improved the speed and the
stability and included the steady three-body binary heating source. We have confirmed
that rotating clusters, whether they are in a tidal field or not, evolve significantly faster
than non-rotating ones. Consequences for observed shapes, density distribution, and
kinematic properties of young and old star clusters are discussed. The results are
compared with gaseous and 1D Fokker-Planck models in the non-rotating case.
Key words: gravitation – methods: numerical – celestial mechanics, stellar dynamics
– globular clusters: general
1 INTRODUCTION
Dynamical modeling of globular clusters and other colli-
sional stellar systems (like galactic nuclei, rich open clus-
ters, rich galaxy clusters) still suffers from severe drawbacks.
They are due partly to the poor understanding of the va-
lidity of assumptions used in statistical modeling based on
the Fokker-Planck and other approximations on one hand,
and due to statistical noise and the impossibility to directly
model realistic particle numbers with the presently avail-
able hardware, on the other hand. For rich star clusters with
105 or more particles this statement is still true, despite of
continuous progress in the development and application of
special purpose computers (cf. e.g. Makino & Hut 2001).
Therefore a detailed comparison of the different meth-
ods is very important using the same choices of parame-
ters and initial data. For spherical, non-rotating star clus-
ters this has been provided in the last decade (Giersz &
Heggie 1994a,b, henceforth GHI, GHII, Giersz & Spurzem
1994, henceforth GS, Spurzem & Aarseth 1996, Spurzem
1996). The basic idea of such comparisons is to check the
validity of models based on statistical mechanics, e.g. by us-
ing the Fokker-Planck approximation, against direct orbit
integration of large N-body systems using state-of-the art
direct N-body codes. Depending on the model a number of
free parameters (such as a free factor in the argument of the
Coulomb logarithm, to mention one typical example) can be
adjusted. Since the number of free parameters, however, is
small, a positive result in the comparison for many values
of N (particle number) and different initial models is con-
sidered as a proof of the underlying physical concepts and
approximations. Such systematic comparisons even across a
larger number of participating groups have a tradition in
the field of collisional N-body and star cluster modelling
(Lecar & Cruz-Gonza´lez 1972, Heggie et al. 1998) and will
be continued in the future (Heggie 2001).
On the side of theoretical or statistical mechanics we
mainly use the Fokker-Planck equation and the direct nu-
merical solution of its orbit average. One example is 1D mod-
els (assuming that the distribution function f only depends
on a single constant of motion, the energy E of a stellar or-
bit in the given spherical potential), applicable for isotropic
spherical systems (Cohn 1980). There are generalizations to
2D anisotropic models, where f depends on two indepen-
dent variables, energy and angular momentum J2 (Cohn
1979, Takahashi 1995, 1996, 1997, Takahashi, Lee & Ina-
gaki 1997), thus including the possible difference between
radial and tangential velocity dispersions in a cluster and
(in the last cited paper) the effect of a tidal boundary. For
recent models including tidal fields and a stellar mass spec-
trum compare e.g. Takahashi & Lee (2000) and Takahashi
& Portegies Zwart (1998, 2000). Another type of statisti-
cal models is so-called gaseous models, which solve numeri-
cally, similar to solutions of gas dynamical equations, a set
of moment equations of the Fokker-Planck equation. They
are usually taken up to second order and terminated by a
heat flux equation in third order (Heggie 1984), including as
well the anisotropy (Louis & Spurzem 1991, Spurzem 1994).
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On the other side there are direct N-body models using
standard N-body codes (NBODY5: Aarseth 1985, Spurzem
& Aarseth 1996; NBODY4: Makino & Aarseth 1992, Makino
1996, Aarseth & Heggie 1998, NBODY6 and NBODY6++:
Aarseth 1996, 1999a, Spurzem 1999, Spurzem & Baumgardt
2001) or Monte Carlo schemes (Giersz 1996, 1998, 2001,
Joshi, Rasio & Portegies Zwart 2000, Joshi, Nave & Rasio
2001). The Monte Carlo models, being comparable in their
wealth of data and stochastic nature to the direct N-body
models, still employ the Fokker-Planck approximation.
Orbit-averaged Fokker-Planck and direct N-body mod-
els in particular have been improved sometimes by includ-
ing very detailed astrophysical ingredients, such as a stellar
mass spectrum (Spurzem & Takahashi 1995, Giersz & Heg-
gie 1997, Heggie et al. 1998), adding to that a more detailed
treatment of the tidal truncation (Takahashi, Lee & Inagaki
1997), or approximate modelling of gravitational shocking
(Gnedin, Lee & Ostriker 1999), or very detailed treatments
of single and binary stellar evolution, coupled with a detailed
follow-up of merging and collisions (Portegies Zwart et al.
1999, Hurley et al. 2001). The cited papers are just recent
examples and not exhaustive; the interested reader could get
a better overview e.g. by looking at the proceedings volume
of Deiters et al. (2001). The comparison of different ways of
modelling, though not as exhaustive yet as in the idealized
single mass case, has been done at least by studying some
selected problems regarding tidal mass loss in direct Fokker-
Planck versusN-body models (Portegies Zwart & Takahashi
1999, Takahashi & Portegies Zwart 1998, Baumgardt 2001).
The results could be summarized by saying that in gen-
eral the Fokker-Planck approximation (small angle two-body
scattering dominates the global evolution of the system), the
approximation of heat conduction (its energy transport can
be treated as heat conduction in a collisional gas), and the
statistical binary treatment (model of energy generation by
formation and subsequent hardening of three-body binaries
using simple semi-analytical estimates) all appear to be a
fairly good description of what happens in N-body simula-
tions. But there are still two basic drawbacks:
(i) all comparisons are so far limited to rather small
particle numbers (N ≤ 64000) as compared to real particle
numbers of globular clusters of the order of a few 105 or
even up to 106 stars. Low N models cannot be easily ex-
trapolated to higher N , since after core collapse a variety
of different processes (close encounters, tidal two-body en-
counters, effects of the finite size of the stars) all vary with
time scales, which depend on different powers of the particle
number (see e.g. the scaling problem tackled by Aarseth &
Heggie 1998);
(ii) during core bounce and binary driven post-collapse
evolution an individual N-body simulation exhibits stochas-
tic fluctuations, due to the stochastic occurrence of supere-
lastic scatterings of very hard binaries with field stars and
other binaries. Although the averaged evolution of the sys-
tem, understood either as a time average (looking for long
post-collapse times) or as an ensemble average (averaging
statistically independent single N-body models), is repro-
duced well by the theoretical models based on the above
assumptions, the individual evolution of a stellar system,
even with a relatively large particle number, might not be
exactly matched at any instant. The collaborative experi-
ment in this area (Heggie et al. 1998) gives a good overview:
all methods do agree fairly well, but variations of quantita-
tive results of some 10 or 20 % and some scaling problems,
which are not exhaustively examined, have to be tolerated.
Very few attempts yet have been done to include a
rather important piece of realism, the existence of an initial
angular momentum of the star cluster. While the probability
that the cloud from which a star cluster originates, has zero
total angular momentum is very small, practically all mod-
els have assumed that. The inclusion of angular momentum
requires a much more complex physical treatment, including
axisymmetry in coordinate space (flattened clusters) and a
way to deal with a third integral of motion of individual
stellar orbits, which is not known analytically in general.
First semi-analytical models by Agekian (1958) as-
sumed that escaping stars have the same angular momentum
distribution with the remaining ones, and the system keeps
a structure as a MacLaurin spheroid. In particular the first
approximation is rather doubtful, as one could already de-
duce from an unpublished early direct Fokker-Planck model
by Goodman (1983). Goodman’s work was revisited and
improved by a much more detailed numerical 2D Fokker-
Planck study of core collapse of rotating star clusters by Ein-
sel & Spurzem (1999, henceforth Paper I, see also Spurzem
2001). In a slightly different approach Hachisu (1979) argued
that there would be an internal, relaxation driven redistri-
bution of angular momentum, similar to the mechanism of
gravothermal collapse. In Paper I it was found that such in-
ternal redistribution occurs in the early evolutionary phase,
but later mass loss and relaxation due to angular momen-
tum loss connected with it dominates the evolution. Also
it was found there (by inspection of the numerical results),
that in the late stages of core collapse a self-similar solutions
exists in which the rotational velocity scales with the same
power as the velocity dispersion; this finding was underlined
by some theoretical arguments of Lynden-Bell (2001).
Paper I demonstrated, that the influence of rotation on
star cluster evolution is not small. The core collapse time
could be accelerated very much (that was an equal mass
model). So, it is not clear, what is the combined influence of
rotation and the other processes, which had been improved
and included into cluster dynamics in the past (stellar evo-
lution, mass spectrum, tidal fields and tidal shocking, pri-
mordial binaries).
Unfortunately, rotation, though it is a natural initial
condition from collapse of a star–forming cloud, could not be
included in most of the existing evolutionary models of star
clusters. Monte Carlo and Fokker-Planck techniques (with
the exception of Paper I) were limited to spherical symme-
try, as well as gaseous models. A generalization of such mod-
els poses significant challenges, such as what is the effective
viscosity scaling describing properly viscous effects due to
two-body relaxation (Goodman 1983) in the case of gaseous
models. For Fokker–Planck models the main problem is the
requirement to neglect a possibly existing third integral of
motion on axisymmetric potentials, because it cannot be
given analytically. In Paper I diffusion of orbits was con-
sidered disregarding the third integral, i.e. in a 2D model
only considering E and Jz , orbital energy and z-component
of angular momentum of a stellar orbit, and a discussion of
possible errors was given.
In this paper we continue and improve the work of Pa-
per I in several respects. First we include a statistical binary
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energy generation, to model the heating of the core of the
cluster in late stages of core collapse due to the formation
and subsequent superelastic scatterings of hard binaries in
three-body encounters (Hut 1985, Lee, Fahlman & Richer
1991). So, the evolution of the cluster, its shape and inter-
nal parameters, such as density distribution, rotation curve,
velocity dispersions and mass loss in a steady tidal field, will
be followed past the time of maximum collapse, where the
models of Paper I stopped. These are the first post-collapse
Fokker-Planck models of rotating star clusters published so
far.
Furthermore, we have improved the quality of the nu-
merical integration scheme to have a better ground for com-
parisons with other methods, and an attempt has been made
to disentangle the effects of rotation and tidal cutoff, which
was not clear in Paper I, by comparing isolated models (spa-
tially extrapolated models to infinity without energy cutoff,
but otherwise following the density structures of our King
models) with the tidally truncated ones. In future work
N-body models will be provided for comparisons as well.
Some preliminary results can be obtained from Boily (2000)
and Boily & Spurzem (2000). They show that for moderate
amounts of rotation the Fokker-Planck and N-body models
agree rather well. Also, we compare in the non-rotating case
the results of our code with standard models (1D Fokker
Planck codes by H.M. Lee and K. Takahashi, gaseous model
by R. Spurzem).
It should be noted that our models are still on a rather
idealized level: there is no stellar mass spectrum, no effects
of finite size stars, no time dependent tidal field, no primor-
dial binaries. However, we stress the importance to study
first the undisturbed physical effect of rotation on the stan-
dard picture of star cluster evolution. Since rotation is such
a fundamental initial and natural physical parameter, this
is considered as a per se interesting study of dynamics of
N-body systems, but it has also strong astrophysical rele-
vance, because the characteristics of rotation may be a pa-
rameter which is less severely influenced than others by core
collapse and post collapse re-expansion, at least around the
half-mass radius. So it is a possible diagnostic tool to deter-
mine dynamical ages of clusters and to set constraints on the
cluster’s initial configurations. Also, galactic nuclei contain-
ing supermassive black holes are mostly rotating systems,
and the physical and numerical techniques developed here
find their application also for a consistent time-dependent
modeling of galactic nuclei.
This paper is organized as follows. In the next section,
we briefly describe our models. In §3, we present the re-
sults of the post-collapse cluster evolution of initially rotat-
ing clusters, and discuss the implications of our results. The
conclusion is given in the last section.
2 THE MODELS
2.1 Numerical Method
A computational scheme to solve the 2D Fokker-Planck
(henceforth FP) equation with high accuracy for pre- and
post-collapse has been worked out. The framework of the
method is the same as that of Paper I: it is comprised of
two steps, one is the FP step, in which the distribution
function is advanced by solving the FP equation with the
gravitational potential being held fixed. In the Poisson step,
the potential is advanced by solving Poisson’s equation with
the distribution function being held fixed as a function of
the adiabatic invariants. Henceforth, the code developed to
study dynamical star cluster with 2D Fokker-Planck equa-
tion is called FOPAX.
In the following we describe some improvements from
previous works. First we have improved the Poisson step, on
which the global accuracy of the computation depends very
much, as noted in Paper I. We have changed a part where
the volume of the hypersurface for given energy and angular
momentum and the adiabatic invariant are calculated (see
eqs. (5) & (7) in Paper I). In the previous version of code
these quantities are calculated by using simple trapezoidal
rule. Now we use a two dimensional Gaussian quadrature
scheme. A comparison of the adiabatic invariants calculated
by using these two different schemes showed that stars with
nearly circular orbits around the cluster center are more
accurately computed with the new scheme. We note also,
that the diffusion coefficients become more accurate than the
previous code thanks to the improved accuracy in computing
the volume of the hypersurfaces.
As for the FP step, an essential difference between the
method used here and that in Cohn (1979) is concerning the
discretization: we apply a finite difference scheme, where
the Chang-Cooper scheme is applied only for the energy
direction (compare also for the anisotropic spherical 2D case
by Takahashi 1995).
In order to extend the evolution beyond the core col-
lapse, we need to add an energy source that drives the
post core collapse evolution. Primordial binaries and mas-
sive stars can provide energy from very early on, and they
delay significantly the core collapse time and affect the de-
tails of the binary distribution very much (Gao et al. 1991,
Giersz & Spurzem 2000). In order to compare well our mod-
els with previous standard results, and due to a lack of any
good method to include many hard binaries in our model,
we have only considered the heating effect due to three-body
binaries.
The energy generation rate by three-body binaries per
mass unit is given as (e.g., Hut 1985)
(
δe
δt
)
3b
= Cb
ρ2
m2σ2
(
Gm
σ
)5
. (1)
Here ρ and σ are the local mass density and 1D velocity
dispersion, respectively, G the gravitational constant and m
the individual stellar mass. It is shown in Giersz & Spurzem
(1994) and Giersz & Heggie (1994a,b) that for particle num-
bers between N = 1000 and N = 10000 the best agree-
ment between direct N-body calculations, direct solutions of
the orbit-averaged Fokker-Planck equation and anisotropic
gaseous models is achieved for one set of parameters, includ-
ing the parameter of the Coulomb logarithm γ = 0.11, and
Cb = 90. The latter value used to be the standard value
derived from theoretical arguments, based on a numerical
factor of C˜ = 0.9 in the formula for the formation rate of
three-body binaries (Hut 1985). It has been argued (Good-
man & Hut 1993), that C˜ = 0.75 is a better choice, but still
within some uncertainty. The results of comparisons with N-
body simulations show that Cb = 90 is a fairly reasonable
value, but within the uncertainty Cb = 75 (which would
c© 0000 RAS, MNRAS 000, 000–000
4 E. Kim et al.
Table 1. Properties of Initial Models
W0 ω0 rt/rc rh/rt Trot/|W | edyn rh τrh
[pc] [yrs]
0.0 18.0 0.15 0.000 0.000 4.19 1.64× 108
6 0.3 14.5 0.18 0.035 0.107 5.02 2.15× 108
0.6 9.6 0.24 0.101 0.285 6.70 3.32× 108
0.0 4.7 0.26 0.000 0.000 7.25 3.73× 108
3 0.8 4.2 0.29 0.035 0.102 8.89 4.40× 108
1.5 3.3 0.35 0.097 0.267 9.77 5.84×108
edyn: dynamical ellipticity as defined in Paper I.
Trot/|W |: rotational over potential energy.
m = 1M⊙ assumed to compute dimensional quantities. We have
used fixed value of rt = 27.9 pc to obtain rh.
ensue with the new formation rate) cannot be ruled out.
However, we also note that the detailed evolution is very
insensitive to this constant.
2.2 Initial Models and Boundary Conditions
As in Paper I, we employ the rotating King models as ini-
tial models following Lupton & Gunn(1987). These models
are characterized by two parameters: dimensionless central
potential W0 and the rotational parameter ω0. We have ex-
amined the evolution of clusters with W0 = 6 and W0=3.
The rotational parameters are chosen such that the clus-
ter remains to be stable against the dynamical instabili-
ties. In Table 1, we have listed the global parameters of
the initial models used in the present study. The rotation
parameters for models with central potential W0 = 3 are
chosen such that the ratios of initial rotational energy to
initial potential energy should be similar to those for mod-
els with central potential W0 = 6 as shown in Table 1. For
uniformly rotating systems, secular instability is known to
arise if Trot/|W | > 0.14 (Ostriker & Peebles, 1973), where
Trot is the rotational kinetic energy and W is the potential
energy. All of our models satisfy the stability criterion.
The density structures along major axis of the initial
models for W0 = 6 and ω0 = 0, 0.3 and 0.6 are shown in
Fig. 1. The density profiles are similar to each other except
near the tidal boundary. As we have seen from Table 1, the
rt/rc becomes smaller as ω0 increases. Therefore, the rapidly
rotating clusters are less centrally concentrated than slowly
rotating or non-rotating clusters with the same W0.
We have considered two different boundary conditions:
tidally limited and isolated cases. For the tidally limited
models, we assumed that the cluster orbits in the spherical
potential of its mother galaxy at a constant distance (cir-
cular orbit), so that the mean density within the tidal ra-
dius (rt) remains a constant throughout the evolution. We
have removed stars beyond the tidal radius instantaneously
at every Poisson step. This boundary condition is clearly
somewhat extreme. In actual clusters, the stars remain near
the tidal boundary for orbital time scales. Depending on
the treatment of the evaporation process, the lifetime of the
clusters could vary significantly, especially for small N clus-
ters (Takahashi & Portegies Zwart 2000). As we will specify
later, our models actually use rather small N in order to
reduce the computing time (see below). By using small N ,
Figure 1. The density profiles along the major axis of selected
initial models. Rapidly rotating model is less centrally concen-
trated than slowly rotating or non-rotating model.
the core collapse stops at relatively small core density. How-
ever, the outer parts are not sensitive to the choice of N ,
except for evaporation times (in units of half-mass relax-
ation time). We can interpret our results as those of large
N for the long-term evolution of the global properties.
For the case of the isolated models, we have to extend
the calculation to infinite distance which is impossible. Thus
we set the computational boundary at 10 rt,i, where rt,i is
the tidal radius of the initial model. If the stars reach be-
yond this radius, they are ‘removed’. The mass lost by this
process is usually very small. A similar boundary condition
was used in computing the evolution of isolated clusters in
previous studies (see, for example, Quinlan 1996). We found
that very little mass is lost for isolated clusters until the end
of computation with this boundary condition. Therefore we
can study the influence of rotation on relaxation alone, with-
out interference of the (tidal) mass loss processes.
The pre-collapse evolution does not depend on the to-
tal number of stars (N). However, the relative importance of
the binary heating to the two-body relaxation depends onN .
Larger N means higher central density at the time of expan-
sion, and thus longer computational time. If N is too small,
we cannot apply the Fokker-Planck method. As a compro-
mise, we have used N = 5000 for the models considered
in the present paper. This is obviously much smaller than
that of actual globular clusters, and brings relaxation time
and crossing time closer to each other than in real clusters.
According to recent comparisons between direct FP and N-
body models (Takahashi & Portegies Zwart 1998, Portegies
Zwart & Takahashi 1999) the evolution of the total mass
of the cluster until total dissolution depends rather sensi-
tively on the particle number, because the mass loss process
involves the crossing time rather than the relaxation time.
Nevertheless we restrict ourselves here to models using rela-
tively small N , because this speeds up the computation (not
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Comparison of central density evolution for model with
(W0 = 6, ω0 = 0) between FOPAX (solid line), 1D FP (dashed
line) and 1D gaseous model (dotted line).
so deep central collapse is reached) and we mainly want to
study here the interplay between rotation, relaxation and
tidal mass loss, where it is an advantage to have the relevant
time scales not too different from each other. Also, N = 5000
is already large enough to study the effect of core bounce
caused by formation and hardening of three-body binaries.
A more detailed and realistic modelling should include more
cluster physics anyway, so we do not provide models with
large N here, but restrict ourselves to this rather theoretical
study of relaxing rotating collisional star clusters.
3 RESULTS AND DISCUSSIONS
3.1 Non-rotating Limit
First, we compare the evolution of tidally limited clusters by
FOPAX (assuming ω0 = 0), 1D FP and gaseous models. The
evolution of central density of tidally limited, non-rotating
models with the central King potential of W0 = 6 is shown
in Fig. 2. The results obtained by the 1D FP code (Lee,
Fahlman & Richer 1991) and 1D gas model (e.g., Spurzem
1996), are shown as broken and dotted lines, respectively.
The time is expressed in units of initial half-mass relax-
ation time (τrh,i), and the central density in units ofMi/r
3
c,i,
where Mi and rc,i are initial mass and King’s core radius,
respectively.
There are some differences in collapse times among dif-
ferent methods. 1D Fokker-Planck model has the longest
and the gaseous model has the shortest collapse times. Quin-
lan (1996) reported that the isotropic 1D model with initial
W0 = 6 reaches the core-collapse at 12.94 trh,0, which is
about 6% shorter than our 1D model shown in Fig. 2. Part
of the difference is due to the binary heating: when the bi-
nary heating is turned off, the core collapse time becomes
Table 2. Time-scales of tidally limited cluster models.
W0 ω0 tcc/τrh,i tdis/τrh,i
tdis−tcc
Mcc/
√
Gρ¯
Mcc t50/τrh,i
0.0 11.73 22.61 0.119 0.59 13.2
6 0.3 10.31 16.96 0.123 0.48 10.1
0.6 7.27 10.08 0.144 0.33 5.4
0.0 8.63 10.54 0.375 0.25 5.4
3 0.8 7.12 8.41 0.405 0.18 4.0
1.5 4.35 4.92 0.499 0.09 1.7
tcc: core collapse time.
tdis: dissolution time of clusters.
t50: time at which the cluster lose half its total mass.
Mcc: represents the mass retained in a cluster at t ≈ tcc.
around 13.4 trh,0, which is about 3.5% longer than Quinlan
(1996), but in perfect agreement with another type of calcu-
lations by K. Takahashi (private communication) using the
anisotropic Fokker-Planck code in (E, J) where development
of anisotropy is suppressed.
The FOPAX, applied to an initially non-rotating clus-
ter reaches the core collapse in shorter time than any of the
other isotropic 1D models. The central density for 2D FP
model at the time of core collapse is larger by a factor ∼ 2
than that of 1D FP model. In principle, these calculations
should give the same result, but because of different treat-
ment of the detailed numerical integration, we regard these
discrepancies as insignificant for the general behavior of the
long term evolution. The lifetime of the rotating 2D Fokker-
Planck model is also shorter by about 10 % than isotropic
model.
The collapse time for 1D gas model is shorter than other
computations by about 5 ∼ 20%. The difference of collapse
time between gas model and FP model is also seen elsewhere
(Spurzem & Takahashi 2001), where it is interpreted as a
result of different physical approximations used in gas and
Fokker-Planck models.
3.2 Isolated and Tidally Limited Models
Fig. 3 displays the time evolution of central density for our 9
models. Solid lines represent the run of central density with
tidal boundary and dashed lines for isolated cases. The ac-
celeration of core collapse due to rotation is shown clearly
for both types of boundary conditions. The tidally limited
rotating models reach core collapse earlier than non-rotating
ones, when the time is measured in units of half-mass relax-
ation time τrh,i, as reported in Paper I. However, the evo-
lution of central density of isolated stellar systems was not
computed previously. The acceleration of core collapse ow-
ing to initial rotation for an isolated stellar system is clearly
visible in Fig. 3a. However, the acceleration of core collapse
in a rotating star cluster (as compared to the non-rotating
models) is stronger if also tidal mass loss is present (which
was the case only studied in Paper I). So we have distin-
guished the two major effects accelerating core collapse in
rotating star clusters, one is due to enhanced two-body re-
laxation alone, and the other is a coupling of rotation with
mass loss.
As seen from Fig. 1, rotating clusters tend to have
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Comparison of central density evolution for models
with W0 = 6 (a), and for models with W0 = 3 (b). The initial
degree of rotations are ω0 = 0.6, 0.3, 0.0 for W0 = 6 and ω0 =
1.5, 0.8, 0.0 for W0=3, from left to right. The evolution of central
density for models without tidal boundaries also shown (dashed
lines in (a)).
smaller concentration: for models with W0 = 6, rt/rc de-
creases from 18 for ω0 = 0 to 9.6 for ω0 = 0.6. It is well
known that the time to core-collapse in units of τrh,i de-
creases with increasing rt/rc for isolated models, but we
find the opposite trend for rotating models. Clearly, rotation
plays an important role in accelerating the core-collapse.
In Fig. 5, we display the time to core-collapse, in units
of initial relaxation times, as a function of initial central
concentration for non-rotating King models (W0 = 3 or
W0 = 6, equivalent to a wide range of initial central con-
centration c = log (rt/rc)). In particular we examine here
the difference between isolated and tidally limited models.
For isolated models, tcc/τrh,i decreases monotonically with
increasing c. This behaviour can be compared with the core-
collapse times of isolated clusters with fixed W0 = 6 but
different ω0. Contrary to the fact that the non-rotating iso-
lated models have longer tcc/τrh,i for less concentrated ini-
tial models, the rotating models show an opposite trend. The
rotation obviously is fully responsible for the acceleration of
the isolated models.
For the tidally limited models, the behaviour of tcc as
a function of initial c is not monotonic anymore because of
the role of mass loss. Initially less concentrated models lose
a significant fraction of their mass by the time of core col-
lapse, and thus the tcc/τrh,i becomes smaller for for smaller
c starting at around c ≈ 1.1 (just belowW0 = 6). Therefore,
we can understand the further reduction of the core-collapse
times for tidally limited models as the action of the mass
loss.
The post-collapse evolution of isolated rotating and non-
rotating systems becomes very similar after about t/τrh,i >
15 (dashed curves in upper panel of Fig. 3). The similar-
Figure 4. Evolution of total mass retained in the cluster models
with W0 = 6 (a), and with W0 = 3 (b). Open squares denote the
times for core collapse.
ity of post collapse evolution of initially different models
at later times can be understood in terms of simple energy
balance arguments. Goodman (1987) and Lee (1987) showed
that the central density during the post-collapse evolution
follows (t−tcc)−2 if the major driving energy source is three-
body binaries. The amplitude is mainly determined by the
density at maximum collapse, which is nearly the same for
different ω0 for a fixed W0 in the models shown in Fig. 3.
At later times the difference in tcc does not play an impor-
tant role, and the evolution becomes similar to each other.
The core-collapse can be accelerated by the rotation, but the
post-collapse evolution, which is mostly determined by the
energy balance between the central heating and the overall
expansion, is not sensitive to the presence of the rotation for
the isolated clusters.
In the presence of a tidal cutoff, however, the simple
energy argument does not provide power law behaviours of
cluster parameters (Lee, Fahlman & Richer 1991) because of
the mass loss. The rate of mass loss becomes an important
factor in determining the course of post-collapse evolution.
Lee & Ostriker (1987) showed that the lifetime of the clus-
ters in steady tidal field is approximately proportional to
N/
√
Gρ¯, where N is the number of stars and ρ¯ is the mean
density, which remains constant throughout the evolution if
the tidal field does not depend on time, of the cluster.
We have summarized some important times in units of
τrh,i, as well as the time until the complete disruption from
the core collapse, and remaining mass at the time of core
collapse in Table 2. The time evolution of the total mass of
our models is shown in Fig. 4.
3.3 Evaporation Rates
Since τrh ∝
√
Nr
3/2
h and tdis ∝ Nr3/2t , disruption time in
units of τrh,i is proportional to (rt/rh)
3/2. From Table 1, we
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Figure 5. The time to core collapse for non-rotating King models
as a function of the initial central concentration c(= log (rt/rc)).
The core collapse time behaves monotonously with c for isolated
models, but not for tidally limited models. We also have shown
the collapse times of our rotating models. Note that there is some
discrepancy between the results obtained by 1D FP code and
FOPAX applied to non-rotating clusters, as seen from Fig. 2.
expect that tdis/τrh,i would be reduced by about a factor
of 2 from ω = 0.6 to ω0 = 0, for W0 = 6 models, and by
a factor of 1.56 from ω0 = 1.5 to ω0 = 0 for W0 = 3 mod-
els. The disruption time scales listed in Table 2 for models
with different W0 and ω0 show somewhat faster evolution of
rotating models compared to that of the scaling law above.
This may be interpreted as the role of the rotation on the
mass loss rate.
The evaporation process can be simply understood as a
continuous generation of stars with velocity greater than the
escape velocity (ve) through the dynamical relaxation. For
isolated uniform stellar systems, 〈v2e〉 = 4〈v2〉 = 4v2rms (Am-
bartsumian 1938; Spitzer 1940), where the brackets denote
the mass-weighted average over the cluster. If we assume
that an equilibrium velocity distribution f(v) is established
in half-mass relaxation time and that the stars are removed
uniformly, the dimensionless mass loss rate becomes
ξe ≡ − trh
M
dM
dt
=
∫∞
〈v2e〉
1/2 f(v)d
3v∫∞
0
f(v)d3v
. (2)
By employing 〈v2e〉1/2 = 2vrms and assuming Maxwellian ve-
locity distribution, Ambartsumian (1938) and Spitzer (1940)
obtained ξe = 0.00738. For tidally limited models, the es-
cape energy is reduced by GM/rt from the simple esti-
mate given above since the stars are evaporated when they
have enough energy to leave tidal boundary. By assuming
W = −0.4GM2/rh, the escape velocity can be expressed as
(Spitzer 1987, §3.2)
〈v2e〉1/2 = 2 (1− λ)1/2 〈v2〉1/2, (3)
where
Figure 6. The mass ejection rate computed from our Fokker-
Planck models (solid line) and from Ambartsumian-Spitzer for-
mula, for W0 = 6 models (dashed line). The noise in estimates of
ξe near the collapse is mainly due to the fact that we have kept
only three decimal points in mass estimates while the time step
becomes very small during these phases.
λ =
GM
rt
/
0.8GM
rh
=
5rh
4rt
. (4)
We denote the evaporation rate obtained by using reduced
escape velocity as Ambartsumian-Spitzer (abbreviated as
AS) rate (ξAS).
In Fig. 6, we have shown the behavior of ξe of our models
with W0 = 6 together with ξAS using rh/rt data from the
evolving models. The actual ξe is usually larger than ξAS
by a factor of 2 or more. The Ambartsumian-Spitzer for-
mula assumes that the stellar evaporation takes uniformly
over the cluster. This is clearly a very simplified assumption,
and could be the reason for the discrepancy. Such discrepan-
cies are also noticed by Takahashi & Lee (2000). We simply
note that the general tendency is similar between the model
and AS formula. As we will see below, large fraction of an-
gular momentum is removed by the time of post-collapse
phase. However, the effect of rotation seems to be persis-
tent on the stellar evaporation rate, although the effect is
much smaller than during the pre-collapse. During the post-
collapse phase, there exists differences among ξe with differ-
ent initial rotation parameters. This might be an indication
of the importance of the rotation on the stellar evaporation.
Although the angular momentum disappears rather quickly
as the cluster loses mass, the location of the maximum ro-
tation moves outward so that the rotation plays some role
in mass evaporation. (see below)
3.4 Angular Momentum Transport
Two-body relaxation causes the angular momentum to dif-
fuse outward. The stars with high angular momentum pref-
erentially move outward and eventually escape from the clus-
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Figure 7. Evolutions of rotational energy in units of total cluster
energy for W0 = 3 (solid lines) and W0 = 6(dashed lines). The
epochs of maximum collapse are indicated as open squares.
ter. Therefore, the angular momentum decreases with time.
In Fig. 7, we have displayed the evolution of rotational en-
ergy in units of total energy for our models. The epochs of
core collapse are indicated as squares in the figure. By the
time of core collapse, the rotational energy becomes only a
very small fraction of total energy, and the loss of rotational
energy is even accelerated during the post-collapse phase.
Evolution of the rotational speed along the equator can
be followed in several ways. Fig. 8(a) displays the time evo-
lution of rotational speed at half-mass and core radii of the
initial models in equator for models with tidal boundary.
The rotation speed at initial half-mass radii for both mod-
els with different initial degrees of rotation (ω0= 0.3, 0.6)
decrease monotonically with time. However, evolution of ro-
tation speed at a radius of initial core radius shows a dif-
ferent structure, especially for the model with initial degree
of rotation of ω0 = 0.6. The rotation speed at a radius of
initial core radius shows a slight increase during t/τrh,i ≤ 2.
Inside the core the rotation structure can be approximated
as a rigid body. Hachisu (1979) claimed that a stellar system
with constant angular velocity should experience gravo-gyro
catastrophe owing to a negative specific moment of inertia.
Near the initial core radius, the rotation speed increases due
to the negative specific moment of inertia.
Some amount of rotation is still present after core
bounce as shown in Fig. 8(b), which displays evolutions of
maximum rotation speed Vrot,max in the equator. The maxi-
mum rotation speed decreases monotonically throughout en-
tire evolutionary stage. The rotation speed decreases rather
rapidly after the core collapse. The ratio between half-mass
radius and the radius in equator where the rotation speed
has a maximum value is shown in Fig. 8(c) for tidally lim-
ited models. The model with strong rotation has a value
around ∼ 1.4 until t/τrh,i ≤ 3, then increases gradually un-
Figure 8. Evolutions of rotational velocity for models with
W0 = 6 and ω0 = 0.6(solid lines) and ω0 = 0.3(dashed lines).
The time evolution of rotational velocity for two fixed radii of the
initial core and half-mass radii is shown (a). Mid panel (b) shows
time evolution of the maximum value of rotational velocity at the
equator. The ratio between the radius where the rotational veloc-
ity is maximum in equator and the half-mass radius is displayed
in lower panel (c).
til the collapse. The global value of this ratio is around 2
irrespective of initial degrees of rotation.
Fig. 9 shows the time evolution of z-component of spe-
cific angular momentum which is defined by,
Jz(ω˜) = vrot(ω˜)ω˜. (5)
Fig. 9(a) shows that the angular momentum at r = rh,i
decreases faster than the Jz at r = rc,i, where rh,i and rc,i
are initial half-mass and core radii, respectively, with initial
rotation parameter ω0 = 0.6. A similar pattern is shown
for the model with slower initial rotation, but not clearly.
Fig. 9(b) displays the time evolution of maximum angular
momentum in the equator. The location of Jz,max in units
of rh is shown in the lower panel of Fig. 9. It clearly shows
the outward movement of angular momentum.
The rotation curves at selected epochs are shown in Fig.
10 for (W0, ω0) = (6, 0.6). Because of angular momentum
loss, the rotation speed tends to decrease with time, but the
shape of the curve remains nearly the same. The angular
speed is nearly constant (i.e., rigid body rotation) up to rh,
and drops rapidly toward the tidal radius.
The 2-dimensional structure of cluster with (W0, ω0) =
(6, 0.6) with tidal boundary in the meridional plane is shown
in Fig. 11 at a time t/τrh,i = 9.03. Note that the axes are
measured in units of initial core radius and that the cur-
rent core and half-mass radii have already decreased to ∼
0.038rc,i and ∼ 0.64rc,i, respectively. The one-dimensional
velocity dispersion shows a clear sign of collapsed core, i.e.,
linearly increasing velocity dispersion toward cluster center.
The morphology of two-dimensional rotational velocity after
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Figure 9. Same as Fig. 8, but for z-component of angular mo-
mentum (see equation (5) for definition).
Figure 10. Radial profiles of rotational velocity in equator for
tidally limited cluster model (W0, ω0) = (6, 0.6) at four different
evolutionary stages. For comparison, the rotation profile for solid
body is shown (dashed line). The mass retained in a cluster is
about a half of initial mass at t/τrh,i = 5.44. At t/τrh,i = 10.06
the cluster is dissolved. Half-mass radii are marked with open
triangles. Note that the radius is measured in unit of current core
radius.
Figure 11. Two dimensional structure of cluster model in the
meridional plane with (W0, ω0) = (6, 0.6) and with tidal bound-
ary at t/τrh,i = 9.03. One dimensional velocity dispersion (a) and
rotational velocity (b) are shown.
core bounce shows a similar structure to that of pre-collapse
phase (see Paper I for comparison), although the degree of
rotation decreased.
3.5 Velocity Dispersion and Angular Speed
In Fig. 12, we have shown the time evolution of central ve-
locity dispersion (σ0) and central rotational angular speed
(Ω0). As we have seen from the rotational curves in Fig.
10, the central parts have the rigid body rotation, and the
angular speed is a constant out to large radius.
Both σ0 and Ω0 increase with time rather slowly until
core collapse and decrease afterward. The increase of Ω0
is a consequence of the gravo-gyro instability. During the
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Figure 12. Time evolution of central velocity dispersion and cen-
tral angular speed for models with W0 = 6 and ω0 = 0.0, 0.3 and
0.6.
post-collapse, these quantities drops rapidly with time. The
general behavior of σ0 does not seem to be affected by the
presence of rotation. As we will see in §3.7, rotation energy
is only a small fraction of the total kinetic energy near the
center throughout the evolution.
The relationship between the central density and σ0,
and Ω0 are shown in Fig. 13. For σ0 versus ρ0, we have plot-
ted all six models of Table 1, while only rotating four models
are shown for Ω0 versus ρ0 figure. The velocity dispersion
is nearly independent of initial rotation: all models with the
same W0 fall on nearly single lines. The power-law behavior
of σ0 on ρ0 during the pre collapse phase is a consequence
of self-similarity of collapsing core. During this phase, it is
well known that σ0 ∝ ρ0.10 (e.g., Cohn 1980). During the
post-collapse phase, we can again apply the energy balance
argument to obtain σ0 ∝ ρ1/60 M1/9. For isolated clusters,
M = constant and σ0 ∝ ρ1/60 . Since bothM and ρ0 decrease
with time, we expect that β > 1/6 if we express σ0 ∝ ρβ0 .
Our result in Fig. 13 shows that β ≈ 0.23.
The angular speed also appears to follow power law on
ρ0 during the pre collapse phase, except for the early stage
of evolution for models with central potential of W0 = 3.
Although the behavior of Ω0 during the post-collapse phase
depends on the amount of angular momentum loss by the
end of the core-collapse, it still has a power-law relation with
central density, ρ0.
3.6 Core and Half-mass Radii
The evolution of rc/rh for models with central potential of
W0 = 6 is shown in Fig. 14: the upper panel is for the
tidally limited clusters and the lower panel is for isolated
clusters. For tidally limited clusters, more rapidly rotating
initial models show larger value of rc/rh due to smaller
rh than slowly rotating models. Both rc and rh decrease
Figure 13. The evolution of σ0 and Ω0 as a function of ρ0 for
all six models shown in Table 1. The velocity dispersion follows
power-laws during pre and post collapse phase, and is nearly in-
dependent of rotation. The angular speed also follows near power-
law on ρ0 during the collapsing phase.
Figure 14. Ratio between core and half-mass radii for models
with tidal boundary (a) and for models without tidal boundary
(b). The central potential for both models is W0 = 6.
with time although there is a difference in decreasing rate
depending on the initial degree of rotation. For example,
rc/rh remains nearly constant in the early phase for our
ω0 = 0.6 model, while other models show gradual decrease.
After core bounce, both rc and rh increase, but rc increases
more rapidly than rh. In the late phase of the evolution rh
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Figure 15. Comparison of half-mass radii for models with W0 =
6, and without tidal boundary. The half-mass radius for model
with higher value of initial rotation is seen clearly to be smaller
than the half-mass radii for models slower/no initial rotations.
decreases again due to a large amount of mass loss. The
minimum values of rc/rh are nearly independent of ω0.
For isolated clusters, all models show similar value of
rc/rh ∼ 0.007 after core bounce. Again, this is due to the
fact that the cluster remains self-similar if the post-collapse
is dominated by three-body binary heating. According to
the self-similar model by Goodman (1987), rc/rh ∝ N−2/3,
and thus it should be factor of ∼ 1.84 smaller than the case
with N = 2000: we find that our value is about a factor of
2 smaller than the N-body calculation by Giersz & Heggie
(1994b) with N = 2000.
Since our system is axisymmetric, it is a little bit diffi-
cult to define the half-mass radius. We used the same defi-
nition as in Paper I. For early stages of the evolution, when
the system is more flattened, the method used here (and
also in Paper I) may be problematic though the difference is
small. However, after core bounce we expect that the differ-
ence between true half-mass radius and the half-mass radius
computed in the present study is negligible.
The evolution of rc/rh depends sensitively on the choice
of boundary conditions. Strong increase of rc/rh after core
bounce for tidally limited clusters is mainly due to strong
mass loss. The effect of rotation after core bounce is shown
in Fig. 15, which displays the evolution of rh for isolated
clusters with initial central potential of W0 = 6. After core
bounce, rh for initially rapidly rotating cluster (ω0 = 0.6)
increases more slowly than the model without initial rota-
tion. The difference of rh between two models is ∼ 6 % at
t/τrh,i ∼ 20. Although we tried to keep these stellar systems
isolated from any tidal effect, there is some amount of mass
loss through the computational boundary. The amount of
mass loss for our isolated models is ∼ 2 percent, irrespective
of initial degrees of rotation at the end of our calculation.
Therefore, we conclude that the difference between half-mass
Figure 16. V/σ as a function of radius in units of half-mass ra-
dius for models with initialW0 = 6, and ω0 = 0.6 at three epochs
as indicated in the figure. The location of maximum Vrot/σ moves
outward.
radii (in late evolutionary stages) for different initial rotation
for isolated models is due to rotation, which is still present
near a radius of r ∼ rh. The smaller value of rh for a more
rapidly rotating cluster can be explained by a transfer of
z-component of angular momentum(Jz) in outward direc-
tion. So, in contrast to our findings (for the isolated cluster
only) that the post-collapse core structure, as represented
by Cohn’s dimensionless central potential, does not depend
on initial rotation, we find here that at the half-mass radius
the system still remembers about its different initial degrees
of rotation.
3.7 Vrot/σ
We try to give some evidence what could be the conse-
quences of our model simulations for the interpretation of ve-
locities (rotational and dispersion) in globular star clusters.
It has to be emphasized, however, that due to the idealized
nature of our numerical studies (e.g. equal point masses, no
tides, no stellar evolution) such discussion must be prelim-
inary and can certainly not be done on a quantitative, but
rather on a more qualitative level.
Vrot/σ has been analyzed in our model clusters, where
Vrot denotes the rotational velocity, and σ the 1D veloc-
ity dispersion, as a function of time and radius. Vrot/σ de-
scribes the relative importance of rotational versus pressure
support in the local cluster kinematics and dynamics; while
it has been very successfully used in observational studies
of elliptical galaxies and bulges of spiral galaxies this quan-
tity recently has become available also from globular cluster
observations (Gebhardt 2001, personal communication).
In Fig. 16, we have shown the runs of Vrot/σ as a func-
tion of radius in units of half-mass radius for the model
with initial W0 = 6 and ω0 = 0.6 at three epochs: initial
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Figure 17. Vrot/σ as a function of radius in arc minutes for M15
(data provided by Gebhardt).
model, at core-collapse, and near final disintegration. We
notice from this figure that the position of the maximum
Vrot/σ relative to rh moves outwards with time. This is an-
other indication of angular momentum transport. Also note
that (Vrot/σ)max for the initial model is much larger than the
late values of an evolved cluster, it decreases monotonically
with time. For this particular model, the (Vrot/σ)max be-
comes around 0.8 at the core collapse, and further decreases
in the post-collapse phase to very small values smaller than
0.1. Towards the centre the models presented in this paper
all show a decrease of (Vrot/σ) to zero. This is consistent
with what we see in Fig. 10, that the stars rotate like solid
body roughly inside half-mass radius, regardless of the the
evolutionary phase. Note that we obtained Vrot and σ in the
rotational plane, and the observed value of Vrot/σ should be
always be smaller than this figure.
Gebhardt (personal communication) provides some new
data on direct measurements of Vrot/σ in M15, which are
shown in Fig, 17. Regarding the outer zones of the cluster,
our data are consistent with one of our post-collapse models
starting at W0 = 6 and ω0 = 0.6, i.e., an initially fairly
large amount of rotation, as far as the core, half-mass and
outer radii are considered. But for the central regions he
finds a strong rise in the observed rotational speed, which is
not present in our models. Note, however, that multi-mass
models obtained with an earlier version of our code offer
a possible explanation for this phenomenon: the gravo-gyro
instability effect (Hachisu 1979) is much more pronounced if
a mass spectrum is present as compared to the equal mass
model (see for that Fig. 4 of Paper 1). Heavy masses go into
core bounce with a strong acceleration of rotational velocity
and a decrease of dispersion velocity, so they would exhibit
a high Vrot/σ in the centre (compare figure in Spurzem &
Einsel 1998, where the angular velocity and the dispersion
velocity of ten mass components in the centre are shown as a
function of time). We will further study this effect in future
work.
Though many of the Galactic globular clusters do not
rotate significantly, there have been rotation curves mea-
sured for some clusters earlier (Meylan & Mayor 1986; Lup-
ton et al. 1987; Gebhardt et al 1994, 1995). The clusters
with measured rotation includes ω Cen, 47 Tuc, M13, M15,
and NGC6397. For most of these clusters, the rotation mea-
surements are done in a rather limited range and rotation
curves are hardly known. Also in earlier papers, Gebhardt
et al. (1995) made very careful measurements of stellar ve-
locity field using Fabry-Perot spectrophotometer and found
that the projected rotation velocity rises or remains nearly
flat from 30′′ to 10′′ for M15, 47 Tuc, and NGC 6397. As
was discussed above this cannot be reproduced in our equal
mass models here yet, but we think a multi-mass model
could be able to explain the effect. Also in the case of 47
Tuc the rotation curve seems to be consistent with the solid
body rotation up to ∼ 2′ corresponding to ∼ 0.7rh, although
again the very central part appears to deviate from the solid
body rotation.
We need density and velocity dispersion profiles as well
as the rotation curve in order to estimate the relative rota-
tional energy (such as −Trot/Etot). Assuming same Vrot/σ
throughout the cluster, we estimate −Trot/Etot = 0.013 ∼
0.05. The dynamical ellipticities expected lie in the range
of 0.03 to 0.05, depending on the inclination. The observed
ellipticities of these clusters are roughly consistent with the
Vrot/σ, although there are large uncertainties on the esti-
mates of ellipticities.
4 CONCLUSION
The first self-consistent evolutionary models of rotating star
clusters in the post core collapse phase have been obtained
by improving an earlier version of a FOPAX for axially sym-
metric systems. For that purpose the code used in previous
models of pre-collapse rotating clusters (Einsel & Spurzem
1999, Paper I) has been improved by including a three-body
binary heating and also in some of its numerical procedures.
We start as initial models with generalized King models in-
cluding rotation and study a few fiducial cases with dimen-
sionless central potential W0 3 or 6, and a dimensionless ro-
tation parameter ω0 from 0.0 (no rotation, spherical system)
to 1.5 for W0 = 3 and 0.0 to 0.6 for W0 = 6. While most of
the model star clusters include a tidal boundary modelled by
an energy cutoff, we discuss one sequence of isolated models
(W0 = 6) to distinguish the effects of internal relaxation and
tidally induced mass loss.
Our results show that, as in the pre-collapse case (com-
pare with Paper I), the evolution of the tidally limited clus-
ter is significantly accelerated by initial rotation. Compar-
ing with isolated models we find that in pre-collapse the
acceleration of evolution is due to a combination of both
internal relaxation (enhanced by the increased fraction of
ordered motion in the system) and easier escape across the
tidal boundary in the co-rotating direction. For post-collapse
however, the isolated systems do not show any strong depen-
dence of their structure and evolution due to initial rotation.
However, in case a tidal field is present, the rotating cluster
starts off into the post-collapse phase with a slightly larger
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ratio of core over half-mass radius rc/rh, and a slightly shal-
lower value of the central potential, and this triggers a faster
evolution during its complete lifetime, up to the final disso-
lution. The acceleration of its evolution is comparable to
that found in the pre-collapse state in Paper I.
Evidently, models with higher initial rotation dissolve
faster in the tidal field. The effect of rotation disappears
after t/τrh,i ∼ 3 for model with initial rotation of ω0 =
0.6. The mass loss rate after core collapse is different from
each other depending on initial degrees of rotation. However,
the main reason for the difference of mass loss rate is a
shallower scaled central potential for highly rotating model
at a time of core collapse than the model without initial
rotation. Therefore we conclude that the overall shape of
cluster changes very little after core collapse irrespective of
initial degrees of rotation.
The rotational energy decreases all the time as the clus-
ter loses mass, together with angular momentum. By the
time of core collapse, the rotational energy becomes some
fraction of its initial value. But still initially rotating and
non-rotating clusters exhibit different structure properties at
intermediate radii, e.g. in their ratio rc/rh, and the (Vrot/σ)
value (rotational velocity over 1D velocity dispersion) has a
clear maximum as a function of radius, and the radial po-
sition of this maximum (measured in units of the half-mass
radius) goes out. The maximum value of (Vrot/σ) at a given
time decreases monotonically with the dynamical age of the
cluster, even across core collapse. We stress that this is a
possible unambiguous dynamical clock to measure dynami-
cal ages of clusters, which is not reset to zero as the cluster
undergoes core bounce and re-expansion. Its present value
allows also to put certain limits on the initial amount of ro-
tational energy in clusters. Our values of (Vrot/σ) can be
confronted with much improved recent observations of ro-
tation curves in globular clusters (Gebhardt 2001, personal
communication). We can pinpoint a post-collapse evolution-
ary state where our model cluster has a maximum value
(Vrot/σ)max which matches the observed value, e.g., in M15;
on the other hand our present models do not reproduce the
observed strong increase in central rotation, we rather have
always a rigid body rotation in the central regions; but pre-
liminary multi-mass models (Spurzem & Einsel 1998) are
indeed able to explain the observed effect. It is a strongly
pronounced occurrence of what was found by Hachisu (1979)
as gravo-gyro catastrophe; it is much less pronounced in
the equal mass system, but the heavy masses in a multi-
component system are strongly subject to it (Spurzem &
Einsel 1998).
Most of the results discussed in this paper, however,
are still derived from an equal mass model. Actual clusters
should have a mass spectrum, and the observed rotation
curves are usually dominated by the brightest component.
In order to compare with the observed clusters, we need
to further study the multi-mass models rather than equal-
mass models. Also, we treat the cluster as a 2D model in
phase space only (distribution function f = f(E, Jz) only
depends on two constants of motion, energy, and z compo-
nent of angular momentum). So all relaxation effects (diffu-
sion coefficients) do not discriminate between different or-
bits having same E and Jz, but different third integral I3.
In Paper I some discussion of the possible errors is given by
measuring the artificial flattening of an initially spherical
system treated by our axisymmetric model. Here we do not
continue this, but propose for the near future an extensive
study of direct N-body models of rotating clusters, simi-
lar in scope to the seminal results obtained for non-rotating
clusters by Giersz & Heggie (1994a, 1994b, 1996). This will
make it possible to assess the validity of our approximations.
Preliminary studies of a few of such models do exist (Boily
2000, Boily & Spurzem 2000) and they support the Fokker-
Planck results, but they do by any means not provide a
broad enough statistical and parameter range.
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